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Out of all of this came the beginnings of mathematical
accounts of higher level or “metamathematical” notions such
as set, truth, proof, and algorithm (or effective procedure).
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developed: set theory has close connections to analysis, proof
theory to computer science, category theory and recently
homotopy theory.
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We will discuss in more detail the case of model theory. Early
developments include Malcev’s applications to group theory,
Tarski’s analysis of definability in the field of real numbers,
and Robinson’s rigorous account of infinitesimals
(nonstandard analysis).
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of “first order sentences” in some vocabulary L with relation,
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“First order” refers to the quantifiers ranging over elements or
individuals rather than sets.
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There is a tautological aspect here: the set of axioms for
groups is a first order theory in an appropriate language, and a
model of T is just a group.

I

On the other hand, the axioms for topological spaces, and
topological spaces themselves have on the face of it a “second
order” character. (A set X is given the structure of a
topological space by specifying a collection of subsets of X
satisfying various properties..).
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Our familiar number systems already provide quite different
behaviour or features of definable sets.
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However in the structure (R, +, ·), the hierarchy collapses, one
only needs one block of existential quantifiers to define
definable sets. Moreover the definable sets have a geometric
feature: they are the so-called semialgebraic sets, namely
finite unions of subsets
of Rn of form
V
{x̄ : f (x̄) = 0 ∧ i=1,..k gi (x̄) > 0} where f and the gi are
polynomials with coefficients from R.
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But the model theory of the structure (C, +, ×) or its first
order theory ACF0 , has little bearing on the problem, and it is
rather definability in richer (but still tame) structures such as
fields equipped with a derivation, valuation, automorphism...
which has consequences and applications.
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categories, M od(T ) the category of models of T , and
Def (T ) the category of definable sets, where the latter can
be identified with Def (M ), the category of definable sets in a
“big” model M of T .
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The classification of first order theories concerns finding
meaningful dividing lines. The “logically perfect” first order
theories are the stable theories, to be discussed below.
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Shelah solved the problem for countable theories, in the
process identifying the class of stable first order theories, and
developing stability theory, the detailed analysis of the
categories M od(T ) and Def (T ) for an arbitrary stable theory
T.
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ACF0 is the canonical example of a stable theory. Another
(complete) example is the theory of infinite vector spaces over
a fixed division ring.

I

More recently it was discovered (Sela) that the first order
theory of the free group (F2 , ·) is stable, yielding new
connections between model theory and geometric group
theory.
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The building blocks of all definable sets in a finite rank stable
theory (in a sense that I will say something about if there is
time) are what I will call the minimal definable sets.
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(a) “field like”: up to ∼, X has definably the structure of an
algebraically closed field
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However the conjecture has been proved for some very rich
finite rank stable theories (originally via so-called Zariski
geometries, but other proofs were found later), and in the last
part of the talk (if there is time) I will discuss a couple of
examples and applications with algebraic-geometric and
number-theoretic features.
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Algebraic geometry (ACF0 ) lives on the field of constants C.

I

The Zilber conjecture is valid in this context (and gave rise to
new results in diophantine geometry over function fields):
minimal sets of type (a) are algebraic curves in C, minimal
sets of type (b) are related to simple “nonconstant” abelian
varieties, and there is an interest in identifying minimal sets of
type (c).
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A recent application (with J, Nagloo) is to transcendence
(algebraic independence) questions regarding an intensively
studied class of ordinary differential equations, in the complex
domain, namely the Painlevé equations.

Theorem 0.1
Consider the Painlevé II family of second order ODE’s:
y 00 = 2y 3 + ty + α where α ∈ C. Then the solution set Yα of the
relevant equation (as a definable set in U) is strongly minimal iff
α∈
/ Z + 1/2, and moreover for all such α, Yα is of type (c) (trivial).
Moreover any “generic” equation in each of the Painlevé families
I-VI, is strongly minimal and “strongly trivial” implying that if
y1 , .., yn are distinct solutions, then y1 , y10 , ..., yn , yn0 are
algebraically independent over C(t).
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I

The Zilber conjecture is valid in CCM .
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Algebraic geometry lives on the sort P 1 (C), and minimal sets
of kind (a) are algebraic curves.

I

Some time ago, with Scanlon, we showed that strongly
minimal compact complex manifolds of type (b) are
(nonalgebraic simple) complex tori.

I

Minimal sets of kind (c) are quite rare, and it is conjectured
that in the Kähler context they are closely related to
hyperkäeler manifolds, another intensively studied class of
compact complex manifolds.

